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Abstract
The decay of heavy orthoquarkonium into quark-antiquark pair
and two gluons is considered. The differential probability of the decay
in the tree approximation is calculated and the probability distribu-
tions of quarks and gluons are obtained. The collinear enhancement
of the bottomonium decay is shown to take place at the uu¯–, dd¯ and
ss¯– pair production and to be absent at the cc¯– production. Some
other peculiarities of the considered decays are discussed.
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The decays of heavy quarkonia give the useful information on the dynam-
ics of quarks and gluons and on the processes of jet production of hadrons.
In particular the many-particle decays such as 1S0 → 3g, qq¯g and 3S1 →
4g, qq¯gg are of great interest as the processes giving the immediate informa-
tion on qq¯g– and 3g– interactions. The nonabelian nature of ggg-interaction
manifests itself, for example, in the distribution in invariant masses of two
particles1,2, as the acomplanarity of four particle decays3, as the collineariza-
tion of the gluons4 and as some other effects. It is worth noting that the four
particle decays of heavy orthoquarkonia are more available for experimen-
tal investigations because of rather great probability of direct production of
orthoquarkonia in e+e−– and pp¯– collisions. By this reason the detail the-
oretical analysis of these decays is interesting in order to find the optimal
conditions for their experimental observation.
In this work we consider the decay of heavy orthoquarkonium with spin-
parity JPC = 1−− into quark-antiquark pair and two gluons. The amplitude
and differential probability of this process in tree approximation and some
angle and energy distributions of quarks and gluons are obtained and dis-
cussed.
The process 3S1(QQ¯) → qq¯gg is described in the tree approximation by
six diagrams shown in fig.1. The amplitude of this process with the neglect
of the relative momentum of the heavy initial quarks may be presented in
the form:
Mαβab (
3S1(QQ¯)→ qq¯gg) = dabc(tc)αβ
4
√
N c
g4stψ(0)
4
√
ε1ε2ω1ω2
Jµjµ
p2(pk)(Pk1)(Pk2)
, (1)
Jµ = u¯Q(−P/2){eˆ2(− Pˆ /2 + kˆ2 +m)γµ(Pˆ /2− kˆ1 +m)eˆ1
× ((k1 + k2)p) + . . . }uQ(P/2), (2)
jµ = u¯q(p1)γµuq(−p2), (3)
where dabc(a, b, c = 1, 2, . . . , N
2
c − 1) are symmetrical constants of SU(Nc), tc
- generators of SU(Nc) group normalized as Sp(tatb) = δab/2, ψ(0) - non-
relativistic wave function of quarkonium in the coordinate space, gst – color
charge, P, pi = (εi, ~pi), ki = (ωi, ~ki), i = 1, 2 are 4-momenta of the quarko-
nium, final quark and antiquark and gluons correspondingly, p = p1 +
2
p2, k = k1 + k2, m - mass of the initial quark, uQ, uq – bispinors of the
initial and final quarks. The dots in (2) imply five permutations of pairs
(eˆ1; k1), (eˆ2; k2), (γµ; p).
The corresponding to (1) – (3) differential probability averaged over three
spin states of initial orthoquarkonium and summed over polarizations and
colors of final particles may be presented in the form:
dW =
Fc
6π4
α4s | ψ(0) |2 QµνGµν
[p2(kp)(Pk1)(Pk2)]
2
δ(P − p− k) d~p1d~p2d
~k1d~k2
ε1ε2ω1ω2
, (4)
where Fc = (N
2
c − 4)(N2c − 1)/(32N2c ) is a color factor of SU(Nc) – group,
for SU(3)Fc = 5/36, αs = g
2
st/4π is the strong coupling constant and
Qµν =
1
4
∑
pol
jµj
∗
ν = p1µp2ν + p1νp2µ −
p2
2
gµν , (5)
Gµν =
1
8m2
∑
pol
JµJ
∗
ν = (p
2gµν − pµpν)
{
(k1k2)
2
[
(4m2 − k2)2
8m2
− p2
]
+ (pk1)(pk2)
[
2(k1k2)− (pk1)(pk2)
2m2
]}
(6)
− (4m2 − k2)lµlν − (k1k2)2(T 11µν + T 22µν )
− 1
2
(4m2 − k2)
[
(k1k2) +
(Pk1)(Pk2)
2m2
]
T 12µν ,
with
lµ = (pk1)k2µ − (pk2)k1µ,
T ijµν = 2(pki)(pkj)gµν + p
2(kiµkjν + kjµkiν)
− (pki)(pµkjν + pνkjµ)− (pkj)(pµkiν + pνkiµ).
The expressions for Qµν and Gµν obtained by us have the structure such as
that of the tensors Lµν , Hµν of Ref.5.
Integrating (4) over quark and antiquark momenta we obtain the prob-
ability distribution in the energies xi = ωi/m of the gluons and angle ϑg
between their momenta in the rest frame of the quarkonium:
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d3W
dx1dx2d cosϑg
= Fc
α4s | ψ(0) |2
36πm2
Fg
ηgξ2g
(
1 +
2µ2
ηg
)√√√√1− 4µ2
ηg
, (7)
Fg = 8x1x2[12(1 + cos
2 ϑg)− 8(x1 + x2)(1− cos ϑg + cos2 ϑg)
+ 4(1− cosϑg)[2(x1 + x2)2 − x1x2(1− cosϑg − cos2 ϑg)]
− 8x1x2(x1 + x2)(1− cos2 ϑg) + x21x22(1− cosϑg)3(3− cos ϑg)],
ηg = (P − k)2/m2 = 4(1− x1 − x2) + 2x1x2(1− cosϑg),
ξg = ((Pk)− k2)/m2 = 2(x1 + x2)− 2x1x2(1− cosϑg),
where µ = mq/m is the mass ratio of final and initial quarks, P = (2m,~0).
Integrating Gµν (6) over the momenta of the gluons we find:
Fµν ≡
∫
Gµν
(Pk1)2(Pk2)2
δ(k − k1 − k2)
~dk1 ~dk2
ω1ω2
=
π
2zv4
{
− f1
(
gµν − pµpν
p2
)
+ f2
qµqν
p2m4
}
, (8)
where
qµ = p
2Pµ − (Pp)pµ,
fi = gi + hi
1− v2
2v
ln
1 + v
1− v ,
g1 = v
2z[− v8z4 + 4v6z2(z2 + 1)− 2v4(3z4 − 8z3 + 14z2 − 24z + 32)
+ 4v2(x4 − 8z3 + 19z2 − 24z + 32)− z(z3 − 16z2 + 52z − 48)],
h1 = v
2z[− v8z4 + 2v6z2(3z2 + 2)− 4v4(2z4 − 4z3 − 3z2 − 12z + 16)
+ 2v2(z4 − 2z2 − 32) + z(z3 − 16z2 + 52z − 48)],
g2 = −v8z3 + 20v6z + 2v4(3z3 − 24z2 + 2z − 8)
− 4v2(2z3 − 24z2 + 45z − 24) + 3(z3 − 16z2 + 52z − 48),
h2 = −v8z3 + 2v6z(z2 + 10)− 4v4(z3 − 4z2 + z + 4)
+ 2v2z(3z2 − 32z + 38)− 3(z3 − 16z2 + 52z − 48),
z =
(Pk)
2m2
, v =
√√√√1− 4m2k2
(Pk)2
.
Here z and v are the energy and the center-of-mass velocity of the gluon pair
in the rest frame of quarkonium.
Using (4), (5) and (8) we obtain the probability distribution in the en-
ergies yi = εi/m of quarks and angle ϑq between their momenta in the rest
frame of the quarkonium:
d3W
dy1dy2d cosϑq
= Fc
α4s |ψ(0)|2
36πm2
Fq
η2qξ
2
q
√
(y21 − µ2)(y22 − µ2), (9)
where
Fq =
12
π
FµνQµν
m2
=
6
zv4
[f1(ηq + 2µ
2) + 2f2ηq(4y1y2 − ηq)],
ηq = p
2/m2 = 2
[
µ2 + y1y2 − cos ϑg
√
(y21 − µ2)(y22 − µ2)
]
,
ξq = ((Pp)− p2)/m2 = 2(y1 + y2)− ηq,
z = 2− y1 − y2, v =
√
(y1 + y2)2 − ηq
z
,
It’s convenient for the further analysis to use the distributions (7), (9)
normalized as
fg(x1, x2, cosϑg) =
1
αsW3g
d3W
dx1dx2d cosϑg
,
fq(y1, y2, cosϑq) =
1
αsW3g
d3W
dy1dy2d cosϑq
, (10)
W3g = 2Fc
16(π2 − 9)
9
α3s | ψ(0) |2
m2
,
where W3g – the three-gluonic decay probability of orthoquarkonium.
The analysis of the quark distribution fq shows that the probability of
the production of light qq¯– pair and two gluons can significantly increase as
the angle between quarks decreases. This collinear effect has a simple origin
– the decrease of the denominator in the propagator of the virtual gluon as
the angle between light quarks decreases and essentialy depends on the mass
ratio of the final and initial quarks. As an example we present the quark
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distribution fq as a function of ϑq and µ at y1 = y2 = y = 0.4 in Fig.2. Here
one can see that the quark collinear effect becomes significant at µ ≤ 0.15
and ϑq ≤ 30◦.
Taking the masses of the quarks into account we conclude that the quark
collinear effect takes place in all the quark-gluon decays of the orthocharmo-
nium. As concerning the quark-gluon decay of the orthobottomonium the
quark collinear effect takes place in the decays with production of uu¯-, dd¯-
and ss¯- pairs only but is absent in the decay with production of more heavy
cc¯- pair because of the rather great mass ratio µ = mc/mb ∼ 0.3 (see the
peak at small angles in Fig.3 and its absence in Fig.4). At y ≥ 0.6 the region
of the small angles becomes kinematicaly forbidden and the collinear effect
dissapeares.
By the production of hard (y ≥ 0.8) qq¯- pair with large angle between q-
and q¯- quarks the energy of two accompanying gluons is small and the soft
gluon enhancement of the qq¯- production occurs in this case (see the quark
curves c in Fig.3,4).
The analysis shows that in contrast with the quark distribution fq there
is no collinear enhancement in the gluon distribution fg, there is only the
soft quark enhansement of the production of the hard gluons accompanied
by the light qq¯- pair (see gluon curve c in Fig.3).
In conclution we resume the main results of the work:
1. The decays 3S1(QQ¯) → qq¯gg of heavy orthoquarkonia are considered
and the probability distributions in the gluon and in the quark variables
are found.
2. The enhancement of these decays caused by the collinearization of the
final quarks is discussed in the mass ratio of the final and initial quarks
dependence. It is shown that this effect is to take place at the angles
≤ 30◦ in all the decays 3S1(cc¯) → qq¯gg of charmonium, in the decays
3S1(bb¯) → qq¯gg of bottomonium with the production of uu¯–, dd¯– and
ss¯– pairs but to be absent in the decay 3S1(bb¯)→ cc¯gg.
3. The collinear enhancement in the gluon distribution is shown to be
absent in these decays.
4. The production of hard quarks (gluons) accompanied by two soft gluons
(quarks) is shown to be enhanced in these decays too.
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The quark and gluon distributions obtained by us and their peculiarities
discussed here may be useful for the experimental searches and investigations
of the four-jet events from the decays of heavy orthoquarkonia.
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Figure captions
1. Diagrams of the decay 3S1(QQ¯)→ qq¯gg in the tree approximation.
2. The quark distribution fq as a function of ϑq and mass ratio µ at
y1 = y2 = y = 0.4.
3. Angle distributions of gluons at x1 = x2 = x and quarks at y1 = y2 = y
in the decay 3S1(bb¯) → ss¯gg: a) x = 0.4 or y = 0.4; b) x = 0.6 or
y = 0.6; c) x = 0.8 or y = 0.8.
4. Angle distributions of gluons at x1 = x2 = x and quarks at y1 = y2 = y
in the decay 3S1(bb¯) → cc¯gg: a) x = 0.4 or y = 0.4; b) x = 0.6 or
y = 0.6; c) y = 0.8.
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